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ABSOLUTE CONTINUITY BETWEEN THE SURFACE MEASURE AND 
HARMONIC MEASURE IMPLIES RECTIFIABILITY 

STEVE HOFMANN, JOSE MARIA MARTELL, S VITLANA MAYBORODA, XAVIER TOES A, 

AND ALEXANDER VOLBERG 


Abstract. In the present paper we prove that for any open connected set Q C 
n > 1, and any E C dQ with 0 < T-C'{E) < oo absolute continuity of the harmonic 
measure lj with respect to the Hausdorff measure on E implies that ojIb is rectifiable. 
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1. Introduction 

In HAMTl the authors showed that absolute continuity of the harmonic measure with 
respect to the Hausdorff measure on E implies rectifiability of wIe under an additional 
assumption that D is porous in a neighborhood of E. In the present work we remove the 
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aforementioned porosity assumption. This manuscript will be combined with HAMTl for 
publication, and for that reason we only present a shortened version of the introduction 
highlighting the statements of the final results. 

Our main result is the following. 

Theorem 1.1. Let n > 1 and Ll C be an open connected set and let to := be the 
harmonic measure in O where p is a fixed point in LI. Suppose that there exists E C dLl with 
0 < T-E{E) < oo and that the harmonic measure uj\e is absolutely continuous with respect 
to T-E\e- Then u)\e is n-rectifiable, in the sense that uj-almost all of E can be covered by a 
countable union of n-dimensional (possibly rotated) Lipschitz graphs. 

Deep connections between absolute continuity of the harmonic measure and rectifiability 
of the underlying set have for a long time been a subject of thorough investigation. In 1916 
F. and M. Riesz proved that for a simply connected domain in the complex plane, with a 
rectifiable boundary, harmonic measure is absolutely continuous with respect to arclength 
measure on the boundary BRRI . More generally, if only a portion of the boundary is recti¬ 
fiable, Bishop and Jones llBJl have shown that harmonic measure is absolutely continuous 
with respect to arclength on that portion. They also demonstrate that the result of BRRI may 
fail in the absence of some topological hypothesis (e.g., simple connectedness). 

The higher dimensional analogues of llBJl include absolute continuity of harmonic mea¬ 
sure with respect to the Hausdorff measure for Lipschitz graph domains BDaB and non- 
tangentially accessible (NTA) domains BDJl . ISel . To be precise, llDat . liDJt . establish 
a quantitative scale-invariant result, property of harmonic measure, which in the pla¬ 
nar case was proved by Lavrent’ev BLvI . We shall not give a precise definition of NTA 
domains here, but let us mention that they necessarily satisfy interior and exterior cork¬ 
screw condition as well as Harnack chain condition, that is, certain quantitative analogues 
of connectivity and openness, respectively. Similarly to the lower-dimensional case, the 
counterexamples show that some topological restrictions are needed for absolute continuity 
of u with respect to 'H"' BWuB . [3. 

In the present paper we attack the converse direction, in the spirit of free boundary prob¬ 
lems. We establish that rectifiability is necessary for absolute continuity of the harmonic 
measure. The main two antecedents of our work are BAMTl and BHM21 . As mentioned 
above, in BAMTl the authors prove that absolute continuity of the harmonic measure with 
respect to implies rectifiability under a background hypotheses that the domain D is 
porous near E C dfl, that is, there is ro > 0 so that every ball B centered at E of radius 
at most ro contains another ball B' C \ cin with r{B) ss r{B'), with the implicit 

constant depending only on E. In BHM2I the authors establish a quantitative analogue of 
this result, connecting weak-A°° property of the harmonic measure to uniform rectifiabil¬ 
ity of the boundary of the non-necessarily connected domain. However, their background 
conditions (Ahlfors-David regularity of dLl) naturally include porosity as well. 

The main achievement of the present work lies in removing the porosity assumption and 
establishing rectifiability of with no a priori requirements on topological structure of 
the set. 

We note that in Theorem 11.11 connectivity is just a cosmetic assumption needed to make 
sense of harmonic measure at a given pole. In the presence of multiple components, one 
can work with one component at a time. 

We also remark that in the course of the proof of our main result we may assume that D is 
bounded. Otherwise, we take any open ball B so that 2B C Ll then consider LI = Q\B and 
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then the two harmonic measures (the one for Q and the one for (7) are mutually absolutely 
continuous on 90. Then by Kelvin transform with respect to the center of the ball we can 
reduce matters to the case of a bounded domain. Further details are left to the interested 
reader. 

To wrap up the discussion of the background, let us mention that a crucial ingredient of 
our argument, as well as that of MAMTI . is the recent resolution of the David-Semmes con¬ 
jecture in BNToVlL IINToV2L According to the latter, boundedness of the Riesz transforms 
implies rectifiability of the underlying set, and the core of the present work lies in some 
intricate estimates on the harmonic measure and the Green function which ultimately yield 
desired bounds on the Riesz transform. 

Finally, we remind the reader that this paper will be combined with IIAMTlI and a more 
detailed historical context will be discussed in the combined manuscript. 


2. Preliminaries 


Given A C we denote n-dimensional Hausdorff measure by and its n- 

dimensional Hausdorff content by 'H'^{A). 

Given a signed Radon measure v in we consider the n-dimensional Riesz transform 


TZiy{x) = 


x-y 


\x - 

whenever the integral makes sense. For e > 0, its e-truncated version is given by 

x-y 


TZei'{x) = 

We also consider the maximal operators 

M^y{x) = sup 

and for e > 0, 


du{y), 

ted 

_„|n+l d^y)- 


\x—y\>£ I® y\ 

iy\{B{x,r)) 


r>0 


KAU i \ \^\{B{x,r)) 

M^vix) = sup A-!2—i Ll, 

r>£ 


The following is a variant of a well known estimate due to Bourgain (see BBoll l. 

Lemma 2.1 ( BAMTl Lemma 4.1]). There is (io > 0 depending only on n > 1 so that the 
following holds for 6 G (0, do). Let Q. C be a domain, ^ G dLl, r > 0, B = B{^, r), 
and set p := 7i^{dLl n 5B)/{dry for some s > n — 1. Then 

(2.1) ujq{B) >n p for all X ^ dB r\Ll. 


3. Proof of Theorem [HU for bounded Wiener regular domains n > 2 

Our goal in this section consists in proving Theorem 11.11 under the additional assumption 
that Ll is bounded and that the domain is Wiener regular (that is, all boundary points are 
Wiener regular). We will work in n> 2. Let us first rescall the definition of Wiener 

regular points. 

For n > 2, the Newtonian potential of a measure p in is defined as 

•=/ My)- 
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The Newtonian capacity of Borel compact set A C is defined by 
Cap(A) = sup{fi(A) : C/^(x) < 1, Vx G 

Given Q C We say that a point x G is Wiener regular for Q (or just regular) if 

Cap(^(x, r, 2r) n dr 


rU—l 


= oo, 


where A(x, r, s), r < s, stands for the open annulus B{x, s) \ B{x, r). If x is not regular, 
we say that it is irregular. We say that Q is Wiener regular if every x G 50 is Wiener regular. 


Proposition 3.1. Let n > 2 and 0 C be a bounded open connected set and let 

u := oj'P be the harmonic measure in O where p is a fixed point in 0. Assume further 
that O is Wiener regular. Suppose that there exists E C 50 with 0 < 'i-E{E) < oo and 
that the harmonic measure uj\e is absolutely continuous with respect to 'HA\e- Then l.o\e 
is n-rectifiable, in the sense that uj-almost all of E can be covered by a countable union of 
n-dimensional (possibly rotated) Lipschitz graphs. 


The proof of this lemma will follow the same lines as the proof of Theorem 1 in BAMTL 
where a version of our Theorem 1 1.1 1 is obtained under the additional hypothesis of “poros¬ 
ity”, i.e., assuming the existence of a corkscrew point in some component of \ 50, 
at all scales with a uniform constant. To remove the porosity assumption, only the Key 
Lemma 7.1 from IIAMTl needs to be modified. However, for fhe reader’s convenience we 
summarize fhe main ingredienfs from fhe argumenfs of liAMTl . 


3.1. Relationship between harmonic measure and the the Green function. In what fol¬ 
lows, and unless otherwise stated, O C n > 2 is a bounded open connected set such 

that 0 is Wiener regular. We write to denote harmonic measure for Ll with pole at x G fl. 
Analogously, G will denote the Green function for Ll which is defined as follows. Write 
E{x) = Cn |x|^“" for the fundamental solution for Laplace’s equation in n > 2. We 
define the Green function 

(3.1) G{x,y) = £{x-y)- [ S{x - z)dujy(z) =■. S{x - y) - v^{y), 

Jan 

which then satisfies IIHel Definition 4.2.3]. We now claim that G belongs to Wg^’^(D) away 
from the pole. Indeed, by the Wiener regularity of 50, and the fact that the data £{x — ■)\q^ 
is Lipschitz for fixed x G O, the solution Vx{y) defined above coincides with the Lax- 
Milgram solution constructed in the standard way as follows (see, e.g., BKel p. 5]). Set 
Fx{y) '■= E{x — y){l — ipiix — y)/6{x)))'ip{y/R) where G C“(]R"''''^) is radial, 0 < 
Ip < 1, supp?/) C H(0,1/2) and y) = 1 on H(0,1/4) and where R is large enough so that 
O C B{0, R/8). Clearly, E^ G C“(]R”'+^), and Fx\q^ = £{x — •). Thus, by Lax-Milgram 
we may construct Ux G ll/j’^(0) such that Cux = CFx G VL“^’^(0), where £ is the 
Laplacian. Then Vx = Ex — Ux, and therefore 

G{x,y) = £{x -y) - Vx{y) = £{x -y) - Fx{y) + Ux 

Since £(x — ■) and Fx{-) agree in O \ B{x,6{x)/2), it follows that £{x — ■) — Fxf) is 
12 12 
in Wq’ (O) away from X. Moreover, by construction Ux G ILq’ (0), so that G(x, •) G 

Wq (O) away from x as desired. 
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The following auxiliary result is somewhat similar to IIAMTl Lemma 4.2 ]. The main 
difference is that y is required to be a corkscrew point x b relative to B and also that one 
can replace the infimum in (13.21) just by w*® {B). 

Lemma 3.2. Let n >2 and C be a bounded open connected set which is Wiener 
regular. Let B = B{x, r) be a closed ball with x G dLl and 0 < r < diam((912). Then, for 
all a > 0, 

(3.2) u}n{aB) > inf ijjL{aB)r'^~^ G{x,y) for all x Ll\2B and y & B f] Ll, 
z£2Br\Q 

with the implicit constant independent of a. 


Proof Fix y G i? n n and note that for every x G d{2B) n we have 

1 ^ c , cuj^{aB) 


(3.3) 


G{x,y) 


< 


< 


Ix-yl"^ 1 ^ r"- ^ mfze2Bnn^^^{aB)' 

Let us observe that the two functions 


u{x) = c ^ G{x, y) r 


n—1 


inf (jj^(aB) and 
ze2Bnn 


v(x) = uj^(aB) 


are harmonic in fl \ 2B and (13.31 ) says that u < v in d(2B) n fi. We would like to use 
maximum principle in the domain fl \ 2B, but in order to rigorously justify that use we 
need to approximate v. Let'i/ig G C“(]R”^^) be a radial function, 0 < V'e < supported 
in (a + e)B and = 1 in a B. Note then that 

v{x) = / XaBdu"^ < / =: Ve{x). 

JdQ JdQ 

Since is smooth and all boundary points are Wiener regular we can conclude that Ve G 
C{Ll). Hence u, Ve G C(Q \ 2B) (that u is continuous away from the pole follows again 
from (13.11) and the Wiener regularity). We now claim that u < on d(fl \ 2B). Indeed, 
from what we showed before u < v < on d(2B) n H and also u(x) = 0 in dQ and 
w(x) > 0 for every x G H. Hence the maximal principle for continuous solutions all the 
way to the boundary yields that u < Vf, on Q \ 2 B. To conclude with our estimate we 
just need to observe that v^(x) v(x) for every x G H \ 2 H by dominated convergence 
theorem and the fact that fe(z) —t XaB(z) for everywhere z G □ 


3.2. The dyadic lattice of David and Mattila. We introduce now the dyadic lattice of 
cubes with small boundaries of David-Mattila associated with ujP, where p is a fixed pole in 
fl, from UDMl Theorem 3.2]. 

Lemma 3.3 (David, Mattila). Consider two constants Gq > 1 and Aq > 5000 Cq and 
denote W = supp oj'p. Then there exists a sequence of partitions of W into Borel subsets 
Q, Q € Dfc, with the following properties: 

• For each integer A: > 0, FF is the disjoint union of the “cubes” Q, Q £ T>k, and if 
k < I, Q £ T>i, and R £ Bk, then either Q Cl R = 0 or else Q C R. 

• The general position of the cubes Q can be described as follows. For each k > 0 
and each cube Q £ there is a ball B{Q) = B(zQ,r{Q)) such that 

zq£W, <r{Q)<CoA^\ 

W n B(Q) C Q C IF n 28 B(Q) = IF n B(zq, 28r(Q)), 
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and 


the balls 5B{Q), Q € T>k, are disjoint. 


(3.4) 


The cubes Q E have small boundaries. That is, for each Q E T>k and each 
integer I > 0, set 

Nr\Q) = {x^W\Q-. dist(x,g) < 

Nt\Q) = {x E Q : dist(x, \ Q) < 

and 

Ni{Q) = Nr\Q)UNr\Q). 

Then 


• Denote by D'jf the family of cubes Q E D^for which 

(3.5) a;^’(100P(g)) < Cou:P{B{Q)). 

'We have that r[Q) = Af^ when Q E \ P^^ and 

(3.6) 

a;^(100P(g)) < Cq ^ ti;^(100^’''^P(g)) for all I > 1 such that 100* < Cq and Q E Pfc \ P 

We use the notation P = Ua:>o Observe that the families P^ are only defined for 
A: > 0. So the diameter of the cubes from P are uniformly bounded from above. We set 
£{Q) = 56 Cq Af^ and we call it the side length of Q. Notice that 

^CfH{Q)<dmm{B{Q))<m- 

Observe that r{Q) ~ diam(P(g)) ~ £{Q). Also we call zq the center of Q, and the cube 
Q' E Pfc-i such that Q' D Q the parent of Q. We set Bq = 28 B{Q) = B{zq, 28 r(Q)), 
so that 

W n ^Bq cQcBq. 

For g E P, we write J(Q) E N if g E 

We denote P'**’ = |Jfc>o '^'k- Note that, in particular, from (13.51 ) it follows that 

(3.7) < ujP{imB{Q)) < Co ujP{Q) if g E 

For this reason we will call the cubes from doubling. 

As shown in IIDMl Lemma 5.28], every cube P E P can be covered w^-a.e. by a family 
of doubling cubes: 


Lemma 3.4. Let P E P. Suppose that the constants Aq and Cq in Lemma \J3\ are chosen 
suitably. Then there exists a family of doubling cubes {Qi} i(zi C P'**’, with Qi C Rfor all 
i, such that their union covers oj^-almost all R. 


Given a ball B C we consider its re-dimensional density: 

u}P{B) 


QUB) = 


r{By 


The following is an easy consequence of IIDMl Lemma 5.31]. For the precise details, see 
iTIH Lemma 4.4], for example. 
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Lemma 3.5. Let R ^ V and let Q C R be a cube such that all the intermediate cubes S, 
Q C S C R are non-doubling (i.e. belong to'D\ Then 


Q^{imB{Q))<CoA^ 


-9n(J(Q)-J(i7)-l) 


Q^{imB{R)) 


and 


0^(1OOB(S)) < ce^(100B(R)) 


seViQcScR 


with c depending on Cq and Aq. 

From now on we will assume that Cq and Aq are some big fixed constants so that the 
results stated in the lemmas of this section hold. 

3.3. The Frostman measure. From now on, and E will be as in Proposition 13. II We fix 
a poinf p G O and consider fhe harmonic measure of wifh pole af p. We may assume 
fhef ioP{E) > 0, ofherwise fhere is nofhing fo prove. 

Lef g G be such fhaf 



Given M > 0, lef 

EM = {xedn: M-i < g{x) < M}. 

Take M big enough so fhaf u)^{Em) > (jJ^{E)/2 > 0. Consider an arbifrary compacf sef 
Em C Em wifh ujP{Fm) > 0. 

Lef p, be an n-dimensional Frosfman measure for Em- Thai is, p is a non-zero Radon 
measure supporfed on Em such fhaf 

p{B{x, r)) < C r'^ for all x G 

Furfher, by renormalizing p, we can assume fhaf ||/r|| = 1. Of course fhe consfanf C above 
will depend on W^{Em), and fhe same may happen for all fhe consfanfs C fo appear, buf 
fhis causes no problems. Nofice fhaf p <C R^\fm ^ ^ G Em, 


p{H) < Cn'^iH) < Crt{H) < CMujP{H). 


(3.8) 


3.4. The bad cubes. Now we recall fhe definilion of bad cubes from HAMTi We say fhaf 
Q G P is bad and we wrife Q G Bad, if Q G P is a maximal cube satisfying one of fhe 
condifions below: 

(a) p{Q) < where r > 0 is a small parameter fo be fixed below, or 

(b) ljP{3Bq) > A r{BQ)'^, where A is some big consfanf fo be fixed below. 

The existence maximal cubes is guaranfied by fhe facf fhaf all fhe cubes from V have side 
lengfh uniformly bounded from above (since is defined only for k > 0). If fhe condition 
(a) holds, we write Q G LM (little measure p) and in fhe case (b), Q G HD (high density). 
On fhe ofher hand, if a cube Q G P is nof confained in any cube from Bad, we say fhaf Q 
is good and we wrife Q G Good. 

For fechnical reasons one needs fo infroduce a varianf of fhe family of doubling 
cubes. Given some consfanf T > Cq (where Cq is fhe consfanf in Lemmafo be fixed 
below, we say fhaf Q G if 


loP{ 100B{Q)) < TujP{Q). 
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We also set n Vk for A; > 0. From (13.71) and the fact that T > Cq, it is clear that 

^ 'jydb 

It is shown then in Lemma 6.1 of IIAMTI that if r is small enough and A and T big 
enough, then 

U Q\ U q]>0, 

Q&Vf> QeBad 

where stands for the family of cubes from the zero level of V'^^. 

Notice that for the points x ^ Fm \ U^gBad Q’ from the condition (b) in the definition 
of bad cubes, it follows that 

uj^{B{x, r)) < Ar^ for all 0 < r < 1. 

Trivially, the same estimate holds for r > 1, since ||a;^|| = 1. So we have 

(3.9) M’^ujP(x) < A for w^-a.e. x e Fm\ Uggead Q- 

3.5. The key lemma. Folowinf the same arguments in HAMTL it turns out that to prove 
Proposition 13.H it is enough to show the following. 

Lemma 3.6 (Key lemma). Let Q G Good be contained in some cube from the family 
Then we have 

(3.10) \R^i^BQ)^^{x)\<C{5,A,M,T,T,d{p)) forallxeBq, 

where, to shorten notation, we wrote d{p) = dist(p, dLl). 

The proof of this lemma in HAMTl uses the porosity of dLl in E. The proof below does 
not, and instead uses some arguments of integration by parts which are not present in the 
analogous arguments from HAMTL 

Proof We may assume that r{BQ) <C d{p) = dist(p, 50), since otherwise (13.101 ) is trivial. 
Further, by the same techniques as the ones from the proof of the Key Lemma 7.1 from 
lAMTi . it is enough to show (13.101) just for the cubes Q € Good n 77'^^. Recall that, by 
definition, a cube Q € n Good satisfies in particular 

(3.11) p{Q)>tujP{Q) and ujP{3Bq) < TujP{Q). 

Let yp : —)> [0,1] be a radial C°° function which vanishes on 77(0,1) and equal 1 on 

\ 77(0, 2), and for e > 0 and z G 1^"+^ denote (psi^) = P (f) and set 

FeU}P{z) = J K{z-y)ipe{z-y) dojP{y), 

where 7G(-) is the kernel of the n-dimensional Riesz transform. 

Let (5 > 0 be the constant appearing in Lemma |2T] about Bourgain’s estimate. Consider 
a ball 77 q centered at some point from Bq D dO. with r{BQ) = ^ ^{Bq) such ^{Bq) > 
p{Bq), with the implicit constant depending on 6. Note that, for every x,z € Bq, by 
standard Caldem-Zygmund estimates 

-7^,(B^)a;P(z)| < 0 ( 6 ) 

< 0(6, A) for all z G Bq, 


and 
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since Q being good implies that Q and all its ancestors are not from HD. Thus, to prove 
(13.101) it suffices to show that 


(3.12) {x)\ < C{6, A, M, T, r, dp) for the center x of Bq, 


To shorten notation, in the rest of the proof we will write r = r{BQ), so that Bq = 
B{x,r). Recall that at the beginning of Section ITT] we show that under the current as¬ 
sumptions G{p, ■) is in VTQ^’^(n) away from p. To prove (13.121) we may therefore formally 
integrate by parts (see IlHMll for a justification of this): 


(3.13) 

UrOJ^ix) = J K{x-y) ifrix - y)dujP{y) 

= - V yG{y, p)-VylKix - y) Prix - y)]dm{y) + K{x - p)prix - p) 

Jn 

= - VyG{y,p) ■ \S/yK{x - y) (pr(x - y)] dm{y) 

JQ 

- / VyG{y,p)-[K{x-y)Vy(prix-y)]dm{y)+K{x-p)iprix-p) 
Jn 

=: -I-11 + III. 


We will estimate the terms I, II, and III separately. Notice first that 

1 1 
\III\ < -- < 


\x — pI"’ d{p)"- 

Concerning II, since supp<pr(2: — •) ^ A{x, r, 2r) := B{x, 2r) \ B{x, r) and ||Vpr||oo < 
c/r,v/e have 


\II\ < - [ 

r Jn 


< c ,. 

- rpTl+l 


< c 


nn24(x,r,2r) 

1 / 


\'^yG{y,p)\\K{x - y)\dm{y) 


• QnB(x,2r) 


\'^yG{y,p)\dm{y) 


r^L+l 


' Qr\B{x,2r) 


\ 1/2 

\'^yGiy,p)\‘^ dm{y)\ 




Extend G{-,p) by 0 utside of Q and, abusing the notation, call this extension G{-,p). Ob¬ 
serve that G{-,p) is in VE^’^(M”+^) away fromp and has compact support, since we showed 
before that G{-,p) is in Wq’ (O) away from p. Note also that G{-,p) is subharmonic in 
B{x, 4 r) since r <C d{p) and hece we can invoke Caccioppoli’s inequality to conclude that 

\II\<cil \VyG{y,p)\^ dm{y^ \G{y,p)\^ dm{y) 

\J B(x,2r) J X \J B{x,3r) 

To deal with the term I, we consider a small ball B centered at p with radius much 
smaller that d{p) and we split the domain of integration as Q = {Q \ B) U B: 



I = 


+ 


'n\B 


IB 


^yG{y,p) ■ [VyiT(x - y) pr{x - y)] dm{y) =: la + h- 
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The integral If, is easy to estimate. We just use that, for y^B, 
(3.14) 


\'^yG{y,P)\ < 


\y-p\' 


and \S/yK{x - y) Lpr{x - y)| < 




- y\ 


d{p) 


n+l ' 


So we have 


141 < 


L 


1 , , , r(B) c 

■ dm{y) < c -r -.—^ < 


d(p)n+i Jj^ |y-p|" " ' “ d{pY+^ ~ d{pY' 

To estimate the integral la we use the previous extension og G and apply the divergence 


theorem: 


Ia= [ div{G{-,p)[VK{x - ■)(pr{x - ■)] ){y)dm{y) 

Jr^+^\b 

- / G{y,p) div [VK{x - ■)ipr{x - ■)]{y)dm{y) 

Jr"+t-\b 

= [ G{y,p)[VyK{x -y)(prix-y)] ■N{y)da{y) 

JdB 

- / G{y,p) d\Y\W K{x - ■)ipr{x - ■)\{y)dm{y) 

Jr^+^\b 

='■ 4,1 + 4,2) 

where N{-) stands for the unit normal vector on dB pointing to the interior of B and cr is 
the surface measure on dB. Note that for the second identity we have used the fact that the 
Green function belongs to away from p and that it has compact support. Using 

that, for y G dB, 

\G{y,p)\ < 


r{B) 


n—1 


and the second estimate in (13.141) it follows that 

c 


I4,i| < r{BY-^ d{pY+^ -V—y ^ " d{pY+^ ~ d{pY' 

To deal with 4,2> observe that K{x — ■) is harmonic away from x, and thus 
div[ViT(x - ■)<pr{x - •)] (y) = VyK{x - y) ■ Vyy:>r{x - y). 
Therefore, since supp(Vy(/9r(x — •)) C A{x, r, 2r), we have 




I4,2| < 


< 


/ 


< 


\G{y,p)\ \^yK{x - y)\ \Vy(prix - y)\dm{y) 

-/ 

f Jb(x,2 

-(/ \Giy,p)\^ dm{y)] 

^ \J B(x,2r) I 


Qr\A{x,r,,2r) 

\G{y,p)\ dm{y) 

:,2r) 


\ 1/2 


' S(a:,2r) 

If we gather the estimates obtained for the terms I, II, and III, v/e get 

\ 1/2 

d{p) 


|4£a;P(x)| < - ( / \G{y,p)\‘^ dm{y)\ + 

r \Jb{x, 3r) J dip) 
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Thus, to conclude the proof the key lemma it is enough to show that 

(3.15) - |G'(2 /,p)| < 1 for ally G S(x,3r) nn. 

r 

To prove this, observe that by Lemma [3^ (with B = B{x,3r), a = for all y € 

B{x, 3r) n f) , we have 

LO^{B{x,66~^r)) > inf u}^{B{x,66~^r))r'^~^ \G{y,p)\. 
z£B(xfir)nn 

On the other hand, by Lemma [20l for any z G B{x, 6r) D Q, 


Therefore we have 


ui^B{x,66 V)) > 


y{B{x, 6r)) 

r^n 


KBq) 


uj^{B{x,66 ^r)) 


„n-l 


r-i|G(y,p)l, 


and thus 

^ u;P{B{x,66-^r)) 

- \G{y,p)\ < --. 

Now, recall that by constmction p{Bq) > p{Bq) > p{Q) and B{x, 6(5“^r) = 66~^Bq C 
3Bq, since r{BQ) = and so we have 


p{Bq) KQ) KQ) 


by (I3.11I) . So (13.151) is proved and the proof of the Key lemma is complete. 


□ 


4. The proof of Theorem II.II for a general domain 0 c n > 2 


First we need the following auxiliary result. 

Lemma 4.1. Let LI be a proper domain in and p (z LI. Let W C dLl be the set of 
Wiener irregular points for O. Then there exists a finite measure p such that U^{x) = oo 
for all X €W and U^{p) < 1. 


Proof For x G dLl, denote 



Cap(^(x, r, 2r) n dr 


j.n—1 


r 


so that X is regular if and only if S{x) = oo. Since S is lower semicontinuous, for all A > 0 
the set {x G : S{x) > A} is open and thus the set of Wiener regular point is a Gs set 

(relative to dLl). Thus the set W of the irregular points from dLl is an set. Thus we can 
write 

w=\Jk„ 

i>i 


where each Ki is a compact subset of dLl. 
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By Kellog’s Lemma llLal p.232], we know that Cap(VL) = 0 and thus Cap(iLi) = 0 for 
all i. Then, by Theorem 3.1 of llLall . for each i there exists a finite measure Hi such that 
{x) = oo for all x ^ Ki and (x) < oo for all x 0 Ki. So the measure 

^ ^2* max{C//^i(p), \\ni\\} 

satisfies fhe requiremenfs of fhe lemma. □ 


We are now ready fo prove Theorem II. II for bounded domains n > 2. Lef p € 

Q. Consider E C wifh 0 < < oo such fhaf fhe harmonic measure uj^Ie is 

absolutely continuous wifh respecf fo T-L^\e- To prove fhe n-recfifiabilify of if suffices 
fo show fhaf any subsef E C E wifh ojP{E) > 0 confains some n-recfifiable subsef G wifh 
posifive EE measure (hence fhe fofally unrecfifiable parf of E will have tu^’-measure 0). To 
fhis end, we consider fhe measure p in Lemma |4~T] For a big A > 0 fo be fixed below, we 
lake fhe open sel 

Vx = {xG R”+^ : U>^{x) > A}. 

Note fhaf fhe sel of irregular poinls W from 512 is conlained in V\ fi 512, for any A > 0. 

Now we will conslrucl an auxiliary domain 12 (fo which we will later apply Proposilion 
13.11) as follows. For each x € W, consider a radius 0 < < min{l, d{p) /2} such fhaf fhe 

closed ball B{x,rx) is conlained in V\, and we apply fhe Besicovifch covering lemma fo 
gel a family of closed balls Bi, i ^ I, centered al poinls from W, which cover W and have 
bounded overlap. Then we define 

h = n\[jBi. 

i£l 

We will show now fhaf 12 is open. Indeed, we claim fhaf 
(4.1) 

i£l iel 

This inclusion implies fhaf 


12 \ U S, = 12 \ 

i&I 


.i£l i£l / i£l 


12 \ y A = 12, 

i£l 


and fhus ensures fhaf 12 is open. 

To show our claim (14.11) consider x € Bi \Ue/ Bi and recall fhaf, by conslrucfion 
each ball Bi is closed. Then x musl be fhe limil of a sequence of poinls belonging fo 
infinitely many differenl balls Bi^^, G E If lurns oul fhaf Ihen we have r{Bi^ ) 0. This 

is a slraighlforward consequence of fhe facl fhaf any family of balls Bj, j ^ J C. I, such 
fhaf dist{Bj,x) < 1 and 0 < e < r{Bj) < 1 musl be finite, by fhe finite overlap of fhe 
family {Ajie/- The facl fhaf r{Bi^) —)> 0 implies fhaf x € 512, since fhe balls are 
centered in 512. 

From (14.11 ) we also deduce fhaf 


512\|Jb 


iei 



(4.2) 


512 c 
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To see this, write 


0 \ IJ Si 1 c ao U IJ 

iei ' iei 


dnui 

^iei iei ^ i^i 

ao U IJ 5, = \ IJ U (j Bi. 

iei ^ iei ^ i&i 


On the other hand, by construction the interior of each ball Bi lies in the exterior of O, and 
thus 


dn 


do, \ ext(O) C 


dn\\jB, 


iei 


uljA 

i£l 


\ ext(O) C 


dn\\jB, 


i£l 


u\JdB,, 

iei 


which proves (I4.2I ). 

We wish to show now that, if A has been chosen big enough, then there exists some 
subset F C F n dCl with positive harmonic measure ujP (this is the harmonic measure for 
Cl with pole at p ^ Cl, that p € Cl follows from the fact that r{Bi) < d{p)/2) such that 
oj'^\p T-F\p. Denote 


B = \JdBi and G = dn\B. 
iei 

Note that (14.21) tells us that G C By a formal application of the maximum principle 

and the construction of D we have 


(4.3) 


ZjP{G\F) < u'P{G\F). 


We would like to emphasize that our use of the maximum principle strongly uses the con¬ 
struction of harmonic measure solutions using Perron’s method. We are working in a regime 
where the Wiener test may fail, and the involve solutions are not Perron solutions for the 
same domain, nor are they continuous on the closures of the respective domains under con¬ 
sideration. Hence, classical maximum principle does not apply. We shall give a rigorous 
justification at the end of the proof, see 14.41 

On the other hand, observe that B C V\. Then we consider the function f{x) = 
j U^{x), which is superharmonic in with f{x) > 1 for all x € V\ (and thus for 

all X G B), and f{p) < 1/A. By the maximum principle (here it is just the Perron method), 
then we deduce that 

S5^'(H) < f{p) < i. 

Hence, choosing A = 2/uj^{F), 

uP{F n dCl) > uP{dCl) - uP{G \F)- ZjP{B) 

> ujP{dn) - ujP{G \F)- uP{B) 

> uP{F) - uP{B) 

>twnF)>o. 
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Then we take F := F r\ dQ, so that uj'P{F) > 0. Further, by the maximum principle (which 
again requires some justification, see (14.41) ') and the fact that uj'p\f -C 'HF\f, we infer that 


ojp\p < oj'p\p < 

We intend to apply Proposition 13.11 to show that is n-rectifiable. To this end, it 
remains to check that Cl is Wiener regular. That is, all the points x G dCl are Wiener regular 
for fi. We have to show that 


I 


^ Cap{A{x,r,2r) n dr 


r.n—1 


= OO 


for all X G 50. By (14.21 ) we know that either x G (dfl \ IJig/ ^i) or x G dBi for some 
i G /. In the latter case we have 


i 


^ CaY>{A{x, r, 2r) n 0'^) dr ^ 


Cap(^(x, r, 2r) PI dr 


r.n—1 


r.n—1 


= OO, 


since the complement of any ball Bi is Wiener regular. 

Ifx G 50\Ui6B, Bi, then we know that x is Wiener regular for O, since W C Uig/ 
Thus, using just that 0'^ D fl^, we obtain 

Cap(A(x,r,2r) n 0^) dr Cap{A{x,r,2r) n O'^) dr 


r.n—1 


v>-f 


^n—l 


= OO. 


So the proof that O is Wiener regular is concluded. 

Now we can apply Proposition 13.11 to deduce that dj^\p is rectifiable. In other words, 
there exists an n-rectifiable subset G C F and g G such that 


The fact that ujP{F) > 0 ensures that T-F{G) > 0, as wished. 

To conclude this proof we need to justify the use of maximum principle which is based 
on Perron’s construction of harmonic measure. We are going to show that 

(4.4) uj^{0) < for every Borel set O C H 512. 


Set u{x) := x £ Q, which is the harmonic measure solution associated with the 

boundary data xo € T°°(5f2) via Perron’s method, see for instance lIGTl Chapter 2]. We 
pick ip an arbitrary superfunction relative to xo for that is, p G p is superhar¬ 

monic in 12, and p > xo in 90.. Let us recall that u is precisely the infimum of all these 
superfunctions. Note that </> = 0 is a subfunction relative to xc>^ since it is clearly harmonic, 
continuous everywhere and </> < xo on 5(2. Hence, by the maximum principle for subhar¬ 
monic and superharmonic functions that are continuous up to the boundary, we conclude 
that 0 < (/? in (2. 

Let us check that p > xo in 90 = (512 n 12) U (512 D 512). Our choice of p guarantees 
that p > Xo in 512 n 12. On the other hand, if x G 512 n 0 we have p{x) > 0 = lo(x). 
On the other hand, clearly p G (7(12) is superharmonic in 12. We have then show that p is 
a superfunction relative to xo for 12 and hence Perron’s method in 0 gives that u)^{0) < 
p. We now take the infimum over all such p to conclude by Perron’s method in 12 that 
x!^{0) <uj^{0) holds for every x G 12. This completes our proof. 
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5. Proof of Theorem II .II in the planar case n + 1 = 2 

To start, as in the higher dimensional case, we immediately reduce Theorem 11.11 to the 
case of bounded domains. 

5.1. Logarithmic capacity, Wiener regular points and Green function. The logarithmic 
potential of a measure /r in is defined as 

U^{x) := J log 

The Wiener capacity of a Borel compact set A C is then defined by 

Cap(A) = sup{/r(^) : U^{x) <1, Vx G 

(see, e.g., llLal . p. 168, in combinafion wifh llLal . Theorem 2.8). 

Given 17 C We say fhaf a poinf x G dQ is Wiener regular for 17 (or jusf regular) if 

1 d/T 

Cap(^(x, r, 2r) D fl'^) log-= oo. 

r r 

If X is nof regular, we say fhaf if is irregular. We say fhaf 17 is Wiener regular if every x G 017 
is Wiener regular. (See llLal . Theorem 5.6). 

In fhis case fhe Green function is defined as follows. Much as before we sef G as in (13.11) 
wifh E replaced by ^ log which will acf as a fundamenfal solufion: 

(5.1) G{x, y) = ^log ^ log ^ dujy{z). 

2 7r \x-y\ Jan2 7r \x - z\ 

Now we can, mutatis mutandis, repeal fhe argumenl carried ouf in Section ITT] to conclude 
much as before fhaf G{x, •) G Wq ’ (17) away from x when fhe domain is Wiener regular. 

Af Ibis poinf we can formulafe Proposifion 13.11 idenficallv fo fhe original slafemenf, buf 
wifh n = 1 and, respecfively, wifh fhe definilion of Wiener regularity as above. Lef us 
discuss fhe modificafions in ifs proof compared fo fhe higher dimensional case. 

5.2. Proof of the Key Lemma in the planar case n + 1 = 2. We recall that in this section 
the domain is assumed to be Wiener regular. We note that the arguments to prove Lemma 
13.21 fail in the planar case. Therefore this cannot be applied to prove the Key Lemma and 
some changes are required. We follow the same scheme and notation and highlight the 
important modifications. 

We claim that for any constant a G M, 

(5.2) \'RrUjP{x)\ < - ( / \G{y,p) - a\^ dm{y) 

^ \JflnB(x,3r) 

To check this, recall that in the proof of the Key Lemma torn > 2 we showed that 

\'jiru;P{x)\ < |/| + \II\ + 

with the terms I, II and III being defined in (13.131 ). Note that we the formal integration by 
parts argument can be done in a more or less standard way following for instance the ideas 
in IlHMlII with the appropriate changes. Details are left to the interested reader. 

Much as before we can show that 


1/2 


+ 


d{p)' 


1 
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(now with n = 1) and also that 


/ \ 1/2 

\II\<cl-f \VyG{y,p)\'^ dm{y)] 
\JB{x,2r) J 


which by Caccioppoli’s inequaltity gives 


\G{y,p) - dm{y)\ 

\ J B{x,3r) J 


1/2 


for any a G M. Again, we extend the Green function by 0 outside of Concerning the 
term I, we have as before 


m< 


d{py 


+ \Ic 


( 1,2 \ 5 


with 

(5.3) 


Ia,2-= [ G{y, p) div [VK{x - yprix - ■)]{y)dm{y) 
dR"+i\B 

/ {G{y,p) - a)div[VA:(x - - ■)\{y)dm{y) 

JMX+^\B 

+ a dw[\/K{x — ■) iprix — ■)]{y) dm{y). 


i\S 

To estimate the last integral on the right hand side, observe first that the integrand is com¬ 
pactly supported because 


div[VA:(x - yprix - OjCy) = ^yK{x - y) ■ VyPrix - y). 

Then, for any big i? > 0 so that B{x,R) contains B, by the divergence theorem the last 
integral on the right hand side of (15.31) equals 


J := 


Ib{x,R)\B 


div[ViT(x — •) ipr{x — •)] (y) dm{y) 


L 


dB{x,R) 


VyK{x - y) • N{y) da{y) + / S/yK{x 


IdB 


y) ■ N{y)da{y), 


where we took into account that tpr{x — ■) is identically 1 on dB and dB{x, R). In the pre¬ 
vious expression N{-) stands for the unit normal pointing to the exterior in the first integral 
and pointing to the interior in the second integral. It is easy to check that the first integral 
on the right hand side is bounded above by G/R and the second one by G r{B)/d{pY. So 
letting i? —>• oo we obtain 


1^1 < 


r{B) 

d{pY ' 


Hence we deduce that 


\Ia,2\< [ \G{y,p) - a\div[VK{x - yprix - ■)]iy)dm{y) + 

Jr^+^\b 


G\a\ r{B) 
d{pY 


To estimate the first integral on the right hand side we proceed as with the analogous integral 
with a = 0 in the proof of the Key Lemma in the case n > 1: since supp(Vy(/?r(a^ — •)) G 
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A{x, r, 2r), we get 

/ \G{y,p) - a| |Vyit'(x - y)\ \Vyipr{x - y)\dm{y) 

J Q,r\A(x,r,2r) 

C 


< 


£ 


< 


^ JB(x,2r) 
C 


T' \JB{x,2r) 

Gathering all the estimates for the terms I, II and 111, we obtain 

/ \ 1/2 

<- l-f \G{y,p) - dm{y)] +i + 
r \JB(xAr) / d{p) 


\G{y,p) - a| dm{y) 

\ 1/2 

\Giy,p) - a\'^ dm{y)\ 




|a| r{B) 
d{p) ' d{pY 


Since the estimates above are uniform on r{B) (for r{B) small enough), letting r{B) -A 0, 
our claim (15.21) follows. 

Choosing a = G{z,p) with G 3B in (15.21) . averaging with respect Lebesgue measure 
for such z’s, and applying applying Holder’s inequality, we get 

\ 1/2 


|K.“'’(^)| S I, 


\Giy,p) - G{z,p)\‘^ dm{y) dm{z) 


+ 


1 


d{p)' 


• B{x,3r)xB{x,3r) 

where we understand that G{z,p) = 0 for z ^ 12. Now for y, z ^ B{x, 3r) and p far away 
we write (cf. (|5H1)) 

\z-p\ 


2vr(G(y,p) - G{z,p)) = log 


= log 


\y-p\ 

z-p\ 


L 


logp— 
an 


\y-p\ 


/ 

Ian 

C-x 


logTT- 


r / ^2/ - Cl 

^-Cl 


log 


I//-Cl 


dujPiO 


Jan 

— -^y,z “h 

where ^ is a radial smooth function such that iji = 0 in 5(0,4) and iji = 1 in 5(0, 5). Notice 
that the above identities also hold if y,z ^ Q. Let us observe that 

|z -p| 


\y -p\ 


1 


and 

We claim that 
(5.4) 


l^-CI 

|y-CI 


\-^y, 


z\ < 

I rs_/ • 


1 for C 0 5(x, 4r), 


ljP{B{x,66 ^r)) 


iiif;.gB(a;,6r)nn‘^''(^(a;,6(5 ir))' 

We defer the details till the end of the proof. Using Bourgain’s estimate (cf. Lemma HT]) 
we get 


z£B{x,6r)nQ 
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and thus 


\Ay^,\ ^ ojP{B{x,Q5-^r)) u:P{Q) 


< 


KBq) 


^ ^^{Q) 


by the doubling properties of Q (for o;^) and the choice of Bq. 
To deal with the term By^z first we use Holder’s inequality: 

2 


\By^z? < u)P{B{x,hr)) 

\B{x,br)) [ 
Je 


<ioP 


B{x,5r) 

B{x,5r) 


log 


k-CI 


log 


\y-^\ 

r 


\y-^\ 


duP{0 

2 


+ 


log 




dioP{C). 


Thus 


B{x,3r)xB{x,3r) 


dm{y) dm{z) 


<ujP 


\B{x,br))r‘^ f f 

JB(x,3r) JE 

Notice that for all ^ E B{x, hr). 


B{x,3r) JB{x,3r) 


log 




duj^{^) dm{y). 


' B{x,3r) 


log- 


dm{y) < r^. 


So by Fubini we obtain 


B{x^3r)xB(x^3r) 


\y-i\ 

By^z?' dm{y) dm{z) < uj^{B{x, 4r))^ r^. 


That is, 


1/2 


\By,z\ dm{y) dm{z) 


B{x,3r)xB{x,3r) 

Together with the bound for the term Ay^z, this gives 


ujP{B{x, hr)) 


y[Q) r d{p) 


since 


M^u}P{x) < 1 by 


It remains now to show (15.41) . The argument uses the ideas in Lemma 13.21 with some 
modifications. Recall that 


-^y,z ^y,zip) log 


\z-p\ 


^^-\y-p\ 


/- 

Jan 


i-x\ ^ \z-i\ 




\y-p\ 

where y, z E B{x, 3r) and p is far away. The two functions 

cuj‘^{B{x, 6(5“^r)) 


Ay^ziq) and q 


'^^^zGB{x,6r)nn‘^h{B{x,66 tr)) 
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are harmonic in \ B{x, 6r). Note that for all q € dB{x, 6r) we clearly have 


\Ay,z{q)\ <c< 


clo'^(B(x,66 ^r)) 
'^r^izeB{x,6r)nn 66-^r))' 


Note also that Vx^y^z is a harmomic function associated with a smooth boundary data, and, 
in particular, the fact that domain is Wiener regularity implies that Vx,y,z G C{Q). Thus 
Ay^zix) = 0 for every x G dQ \B{x, 5). Hence we can apply maximum principle (this will 
require a justification completely analogous to that at the end of the proof of Lemma [T2l ) 
and obtain as desired (I5.4I ). 

□ 


5.3. End of the proof Theorem ILTI in the planar case n + 1 = 2. This section discusses 
modifications in the arguments of Section Impertinent to the planar case. 

First of all. Lemma l4~T] continues to hold for n = 1 with the logarithmic potential (7^ 
defined as above. In ifs proof, one has fo fake 

S(x) = / Cap(A(x, r, 2r) n log-. 

Jo r r 

The Kellogg’s Lemma in fhe planar case also can be found in BLal . p. 232 (nofe fhaf fhe 
sefs of zero logarifhmic capacify and sefs of zero Wiener capacify are idenfical, see, e.g., 
llLal . p. 167). Theorem 3.1 of BLal also exfends fo fhe confexf of logarifhmic pofenfial (see 
Remark on p. 182 of iLal l. and fhe resf of fhe argumenf of Lemma |4~T] is fhe same as in fhe 
higher dimensional case. 

Af fhis sfage, fhe argumenf of Theorem 1 1.1 [ follows verbatim, wifh fhe only addition of a 
logarifhmic factor log ^ in fhe infegrals of capacifory expressions in fhe end of fhe proof. 
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